IFUP-TH 2013/07 



Properties Of The Classical Action 
Of Quantum Gravity 



Damiano Anselmi 

Dipartimento di Fisica "Enrico Fermi", Universitd di Pisa, 
and INFN, Sezione di Pisa, 
Largo B. Pontecorvo 3, 1-56127 Pisa, Italy 

damiano.anselmi@df.unipi.it 



Abstract 

The classical action of quantum gravity, determined by renormalization, contains infinitely many 
independent couplings and can be expressed in different perturbatively equivalent ways. We organize it in 
a convenient form, which is based on invariants constructed with the Weyl tensor. We show that the FLRW 
metrics are exact solutions of the field equations in arbitrary dimensions, and so are all locally conformally 
flat solutions of the Einstein equations. Moreover, expanding the metric tensor around locally conformally 
flat backgrounds the quadratic part of the action is free of higher derivatives. Black-hole solutions of 
Schwarzschild and Kerr type are modified in a non-trivial way. We work out the first corrections to their 
metrics and study their properties. 
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1 Introduction 



Having control on the classical action of quantum gravity, its properties and the solutions of its 
field equations can be useful to address the search for detectable effects that may single out some 
significant departure from Einstein gravity. Since quantum gravity is not power-counting renor- 
malizable, its classical action contains infinitely many independent couplings. Nevertheless, some 
interesting solutions of the field equations may depend only on a finite subset of parameters and 
allow us to make physical predictions. Moreover, even if each correction is small, the presence of 
infinitely many of them opens the door to effects that might be detectable in particular exper- 
imental arrangements or astrophysical observations, situated beyond the domains tested so far 
and before radiative corrections become important. Finally, in extreme situations, such as inside 
black holes, or close to the event horizon, or in the primordial phases of the universe, classical 
corrections of quantum origin may play a relevant role. 

Using field redefinitions, the classical action of quantum gravity can be written in different, 
perturbatively equivalent expansions around the Einstein action. In particular, we can rearrange 
the terms proportional to the Einstein vacuum field equations. Equivalent actions can be useful 
to uncover different classes of exact solutions of the field equations, or reduce the effort to study 
approximate solutions. 

In this paper we single out a form Sqg that we deem convenient for several purposes. Besides 
the Hilbert term, the cosmological term and a peculiar combination that is non-trivial in higher 
dimensions, the action Sqg contains invariants constructed with the Weyl tensor C^ypa, rather 
than the Riemann tensor Ri_iupa- Precisely, we write, in arbitrary dimensions d > 2, 

Sqg = IV^(^R + 2A + Aqk^G + Xik^C, + X'^k^C'^ + An^^'^+'^nlV, C)j + S^, 

(1.1) 

where k has dimension —1 in units of mass, A„ are dimensionless constants, Sm are the contri- 
butions of matter fields and other gauge fields, G is the special combination [1] 

4(d-3)(d-4 ) 
{d-l){d-2) 

and J„(V,C) collectively denotes the local scalars of dimension 2n + 4 that can be constructed 
with three or more Weyl tensors C^i,pa and covariant derivatives V^, up to covariant divergences 
of vectors. Each such scalar must be multiplied by an independent A^. For future use, we 
explicitly write the terms Ji(V, C), which are two contractions of three Weyl tensors: 

3 — ^fj.upa'^ ^afS ' ^3 ~ '^upvcr^ ^ a fi' 

For simplicity in this paper we assume parity invariance. Parity-violating terms may be treated 
along the same guidelines. 



G = Rp^paR^^'P'' - ARp^R'^" + R^+ J A {R + A) 



2 



In four dimensions ^/—gG is the Gauss-Bonnet integrand, which does not contribute to the 
field equations. Thanks to this fact, quantum gravity is finite at one loop in the absence of matter 
[2]. Moreover, C3 and C3 are proportional to each other, so we can set A'^ = in d = 4. Goroff 
and Sagnotti showed [3J that C3 is switched on as a two-loop counterterm in pure gravity. The 
result of their calculation can be interpreted as the running of the coupling constant Ai, therefore 
allows us to infer that quantum gravity predicts Ai 7^ 0. In principle, the presence of matter can 
modify this conclusion, but only if matter fields exactly cancel the Cs-counterterm generated by 
pure gravity, and the cancellation is consistent with renormalization-group invariance. As far as 
we know today, this happens only in supergravity. Similarly, C3 is turned on at one loop in six 
dimensional pure gravity H]. 

The action (jl.ip is preserved by renormalization. It is perturbatively equivalent to actions 
written previously and to the most general local perturbative extension of the Einstein action [5] . 
The form (jl.ip is convenient in various respects, for example it allows us to find interesting classes 
of exact solutions of the field equations, which include all locally conformally flat metrics (which 
we just call "conformally flat" from now on) that solve the Einstein equations. In particular, 
the Friedmann-Lemaitre-Robertson- Walker (FLRW) metrics are exact solutions of the /Sqc-field 
equations in arbitrary dimensions d > 2 with a homogeneous and isotropic matter distribution. 
In four dimensions such solutions coincide with the usual ones, while in higher dimensions they 
coincide with the usual solutions once the energy density p and the pressure p are replaced by 
suitable functions of p and p. Metric-independent maps also relate conformally flat solutions of 
the ^QG-equations to conformally flat solutions of the Einstein equations. On the other hand, 
solutions that are not conformally flat are deformed in a nontrivial way by the couplings A„. 
In the paper we study the first modifications to the Schwarzschild and Kerr metrics in four 
dimensions. 

Another property of Sqg is that expanding the metric tensor around conformally flat back- 
grounds the quadratic part of the action if free of higher derivatives. Vertices, instead, as well as 
quadratic terms obtained expanding around more general backgrounds, do not have this feature. 
Working perturbatively in the couplings A„, every term that contains higher derivatives can be 
converted into a linear combination of terms that contain at most two derivatives. Then the 
solutions of the S'qG-fleld equations are uniquely determined by their A„ — )• 0-limits. 

The paper is organized as follows. In section 2 we study the action (jl.ip and its fleld equations. 
We compare Sqg with other local perturbative extensions of the Einstein action. In section 3 
we study exact solutions of the S'gG-field equations in arbitrary dimensions, in particular metrics 
of FLRW type and conformally flat metrics. In section 4 we work out the first corrections to 
the Schwarzschild and Kerr black-hole solutions in four dimensions and discuss their properties. 
In section 5 we study the perturbative equivalence of actions in detail. Section 6 collects our 
conclusions. In the appendix we show how to truncate the actions to finite numbers of terms. 
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consistently with the diagrammatic expansion of quantum gravity. 



2 The action and its field equations 

In this section we study 5qg and compare its properties with those of two other actions: the 
most general local perturbative extension S'loc of the Einstein action [S] and an action written in 
ref. [1], which inspires the simplification proposed here. It is convenient to parametrize S'loc as 

Sloe = I V=5 (^i? + 2A + f; A„A^2"+2j(;^)(V,i?)^ +S^, (2.1) 



where 'jI^\v,R) denotes the scalars of dimensions 2n + 4 that can be constructed with two or 
more tensors 

2A 

as well as their contractions R^j^u = R^^pu and R = R^, and covariant derivatives V^, up to 
covariant divergences of vectors. 

In ref. [1] the properties of renormalization were used to write a different action, namel}0 

^QG = -^^ / \^(^^ + 2A + AoK2G + f;A„K2n+2j(A)(^^^)^ ^ (2.3) 



where Jn (V, R) denotes the local scalars of dimensions 2n+4 that can be constructed with three 
or more tensors Rnupa and covariant derivatives V^, up to covariant divergences of vectors. The 
contractions -R^j, and R can appear inside the scalars J^^^ or not, the resulting different actions 
being perturbatively equivalent (see section 5 for more details). 

The actions 5qg and 5qg look like restrictions on 5ioc, but they are actually perturbatively 
equivalent to each other and to S'loc- Precisely, these actions can be mapped into one another by 
means of local field redefinitions and parameter-redefinitions, the parameters A„, A„ and A„ being 
treated perturbatively. Consequently, 5qg and S'qg are preserved by renormalization, namely 
all divergences generated by Feynman diagrams can be subtracted redefining the metric tensor 
and the parameters A„, or A„, the matter fields and the parameters contained inside Sm- 

Spaces of constant curvature play a peculiar role, since in the absence of matter they are exact 
solutions of the field equations of the most general action. Indeed, once Rpupa = K{g^pgyfj — 
gfiaQup) is used, with K =constant, any covariant gravitational field equations must reduce to a 
simple condition 

f{K^K,^A,X)g^, = 0, (2.4) 



^Up to notational changes. 



4 



where / is some function of the parameters of the theory, which can be solved to obtain K. The 
parametrizations of (jl.ip . ()2.ip and p.3p . which use hatted tensors or Weyl tensors, are such that 
the solution of ()2.4p simply reads 

^ = - (d-l)t-2) - 

An important fact is that Sqq and Sqq, differently from S\oc-, do not contain terms that 
are quadratic in the curvature tensors, with the exception of those appearing in the peculiar 
combination G. The special scalar G is a generalization of the Gauss-Bonnet integrand. Its main 
property is that expanding the metric around a background g^^, of constant curvature K equal to 
()2.5p . the integral J ^J—gG does not contain terms that are linear or quadratic in the quantum 
fluctuations. Precisely, writing Qf^y = g^y + h^i, and using R^upcrig) = it is straightforward to 
check that 

32{d - 3)A2 



/ 



The invariants J —g'in and J -y/— fl'Jn^'' , n ^ 1, clearly have the same property. Thus, in this 
expansion the quadratic parts of the actions 5qg and 5qg do not contain higher derivatives and 
coincide with the quadratic part obtained from Einstein gravity. The absence of higher derivatives 
in propagators is important to prevent the propagation of unphysical degrees of freedom, such as 
those of higher-derivative quantum gravity [6] . 

In every even dimensions d = 2k we can drop one term ~ f ^—gC^ containing k Weyl tensors 
and no derivatives and add the topological invariant 

-g^k - J V-90f,^^,...f,^^^K ^^p^ K ^^^^ {i.i) 

instead, which does not contribute to the field equations. The difference between two such 
actions is a linear combination of other terms ~ J ^J—gC^ plus terms containing the Ricci tensor 
[7]. Writing the Ricci tensor as a linear combination of Rfj_i, and Ag^^^, we can reabsorb the 
difference into a perturbative local field redefinition and parameter-redefinitions (see section 5). 
For example, in six dimensions we can set A'^ = and add J 5G3. 

The invariants (12. 7p with k < d/2 are not topological. Nevertheless, their variations with 
respect to the metric tensor are free of higher derivatives The action of Lovelock gravity 
[8] in d dimensions contains only the invariants ()2.7p with k ^ d/2, therefore its field equations 
are completely free of higher derivatives. Nevertheless, that kind of action is not preserved by 
renormalization. For example, in four dimensions Lovelock gravity is just Einstein gravity with 
the Gauss-Bonnet term. 

In our approach, which is based on renormalization, the mentioned property of Gk is used 
only for k = 2 [9, Ij, to build the special invariant J ^/—gG and ensure that when we expand 
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the metric around backgrounds of special classes, the quadratic parts of actions such as 5qg and 
Sqq are free of higher derivatives. However, we cannot guarantee similar results for vertices, or 
for the quadratic parts obtained expanding around more general backgrounds. 

The matter action Sm is the most general local one, as long as it has correct unitary propa- 
gators. If the classical action has correct propagators, the renormalized one also has. Indeed, in 
a quantum field theory of fields of spins ^ 1/2 and gauge fields of spins ^ 2, higher-derivative 
quadratic terms are not turned on by renormalization if they are absent at the tree level [1] . This 
fact ensures that a unitary propagator is not driven by renormalization into a non-unitary one. 

The new form Sqq of the classical action improves 5qg in various respects. First, the 5qg- 
scalars J^^^ are intrinsically A-dependent, being constructed with hatted curvature tensors. This 
gives the impression that the action Sqg is chosen ad hoc. It is better to have independent terms 
multiplied by independent couplings, as in 5qg. Moreover, (jl.ip allows us to easily find other, 
more interesting exact solutions of the field equations, besides spaces of constant curvature, such 
as the FLRW metrics. More generally, all conformally fiat solutions of the Einstein equations 
solve the SqG-field equations (in four dimensions) or can be easily mapped into solutions of the 
/SQG-field equations (in higher dimensions). Finally, expanding the metric tensor g^i, around any 
conformally fiat background Qf^i, the quadratic part of the action Sqg is free of higher derivatives. 
The action Sqq satisfies this property only for the expansion around spaces of constant curvature. 

Field equations 

Writing 

Sqg = j V^iR + 2A) + S^ + S^^) ^ 

the SqG-field equations read 

Rf.. - \Rg^.v - Agf^u = >i''-%u + f^'^-^T^fJ , (2.8) 

where 

'''' V^Sgf""' V^Sg""' 

are the matter energy-momentum tensor and the gravitational self-energy- momentum tensor, 
respectively. Varying J yJ—gG explicitly, we find 



fipcra'^u ^^g fiu^ pcrap^ ^ 2 ^ppvcr^ 



(d-2)2 y yfj^u pa pu 2{d-iy^ 

+0(V2C2) + 0(i?C2) + 0(C3). (2.9) 
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The field equations of Sqq are very similar, the only difference being that in the third line 
of (|2.9|) the Weyl tensors are replaced by hatted curvature tensors. The notation ©(i?") means 
terms containing at least n powers of Rp,up<j and its contractions. 

Observe that the variation of / ^y—gG with respect to the metric is 0(i2^), in agreement with 
()2.6p . Clearly, T^^^ is identically zero in three dimensions. In four dimensions, instead, it reduces 



to the last line of (|2.9p . For future use we explicitly work out the first non-trivial contributions 
to r^^^ in d = 4, which are the ones proportional to the Goroff-Sagnotti constant Aqs = SAik^. 
Setting A'^ = and dropping the Gauss-Bonnet term, we write the four dimensional action as 



Then we find 



k't(^J = Acs (v^V^C^^;^, + V^V^Cgl^ - lcj^2paRu''"' - IciXaR^" + \9,uC, 

-\'^^NuC2 + ^5m.V2C2 + \RpuC^ + 0(V'*C2) + 0{V^C') + 0{C^), (2.10) 

where 

^puvpa — ^pual3^ pa-> ^2 — ^fiua/S^ 

In the list of higher orders that appears in the second line of ()2.10p it is understood that pairs of 
covariant derivatives can be replaced by curvature tensors, so O(V^C^) = O(V^iiC^), etc. 

As promised, when the metric tensor is expanded around the metric of a space of constant 
curvature, an FLRW metric, or more generally a conformally flat metric, then the quadratic part 
of the expanded action 5qg does not contain higher derivatives. We can prove this fact considering 
the variation of Tj^) with respect to the metric. The first two lines of (|2.9p give contributions that 
contain at most two derivatives of the fluctuation. The third line of (j2.9p gives contributions that 
are proportional to the Weyl tensor, therefore vanish on conformally flat metrics. If g^^^ does not 
belong to these classes of backgrounds then the quadratic part of the action may contain higher 
derivatives. In general vertices do contain higher derivatives of gfj^u, multiplied by the couplings 

An- 

To understant how to deal with such higher derivatives, recall that renormalization, which is 
responsible for turning on the couplings A„, is purely perturbative. To be consistent, the action 
Sqg must be treated perturbatively in the A„s. In particular, we must search for solutions of the 
field equations that are analytic in the A„s, at least away from singularities. Such solutions exist 
and are uniquely determined by their limits A„ — )• 0. Indeed, the field equations contain at most 
two time derivatives at A„ = 0. Therefore, working perturbatively in A„ we can convert every 
terms that contain higher time derivatives into terms that contain at most two time derivatives. 
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In this way we obtain new field equations that are perturbatively equivalent to (j2.8p . but contain 
at most two time derivatives. Explicit examples of this procedure are illustrated in section 4, 
when we study solutions of black-hole type. 

Similar methods are commonly used to eliminate runaway solutions caused by higher- time 
derivatives, as in the case of the Abraham-Lorentz force in classical electrodynamics |10) . For 
applications to gravity see refs. |1 H I12 [ [13]. The elimination of unphysical solutions has a price, 
because it generates violations of microcausality [10]. 

These facts, together with the presence of infinitely many independent couplings, are there 
to remind us that Sqg is not the action of a fundamental theory, but points towards a missing, 
more complete theory. 



3 Exact solutions of the field equations 

In this section we study exact solutions of the S'qG-field equations and relate them to known 
solutions of the Einstein field equations. Because of the theorems proved in section 5 any solution 
of Sqg can be perturbatively mapped into a solution of the field equations of any action that is 
perturbatively equivalent to Sqg, for example Sioc and Sqq. 

We begin observing that in four dimensions all conformally flat metrics that solve the Einstein 
equations 

R^ll' - -j^RgtJiv - ^g^lu = k'^T^u, (3.1) 

also solve the S'qG-field equations (j2.8p . and vice versa. The reason is that when d = 4 and 
C^pucr = formulas (|2.9p and ()2.10p . ensure that the gravitational self-energy-momentum tensor 
t'^J identically vanishes. Moreover, the variation olT^^J with respect to the metric is proportional 
to the Weyl tensor, therefore it also vanishes on conformally flat metrics. If we expand the metric 
tensor around conformally flat backgrounds that solve (j2.8p in four dimensions the propagator 
coincides with the one of Einstein gravity (if the same gauge- fixing is used). 
Now, the metrics 

ds^ = g^.ydx^'dx'' = dt^ - a^(t) ( - — ^ + r'^dnl_2 J (3.2) 

of homogeneous and isotropic spaces are conformally flat in arbitrary dimensions. Indeed, it 
is easy to prove that the Weyl tensor vanishes everywhere. The FLRW metrics have the form 
(|3.2p and solve ()3.ip with a homogeneous and isotropic distribution of matter, described by an 
energy-momentum tensor equal to 

d-l 

7;(p,p)=/>'J°5o-pE'^X' (3.3) 

i=l 
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where the energy density p and the pressure p can be thne-dependent. 

Thus, the FLRW metrics are exact solutions of the S'qG-held equations ()2.8p in four dimen- 
sions. 

In higher dimensions we have to take the term J" yJ—gG into account. Nevertheless, in the 
classes of FLRW metrics and conformally flat metrics we can find metric-independent maps that 
convert solutions of the Einstein equations into solutions of the /Sqc-field equations, and vice 
versa. 



FLRW solutions in arbitrary dimensions 

Consider the S'qG-field equations ()2.8p with matter energy-momentum tensor given by p. 3 
We want to show that the FLRW metrics (13.21) that solve 



Rf^v - ^Rgt^u - Ag^u = K'^-%,{p,p) (3.4) 



also solve (12. Sp , and vive versa, where p and p are suitable functions of p and p. Inserting (13. 4|) 
into ()2.8p we find that this statement is true if and only if 

T^,{p,p)=T^,{p,p)+TlsJ. (3.5) 
Using (j3.4p inside (|2.9p (and recalling that C^^pa = 0) we easily get 



T^t = ^op (^ps',5^0 -{p+ m E ^M'^r) ' 



where 

^° - {d-2){d-iy 
therefore equation (|3.5p is equivalent to the pair of metric-independent quadratic equations 



p = p-Aop^, p = p - Aop{p + 2p), (3.6) 

for p and p. 

Given p and p, we determine p and p solving the equations ()3.6p . Then the usual FLRW 
solution with energy density p and pressure p solves the S'Qc-field equations with energy den- 
sity p and pressure p. Assuming /)Ao,pAo <^ 1 the solution can be worked out perturbatively. 
For convenience, we report here the differential equations satisfied by a, p and p in arbitrary 
dimensions: 

a 2A-{d- 1)pk'^-'^ - {d - 2,)pn'^-'^ dp 



{d-l){d-2) ' d^ = -^'^-^)(^ + ^)U'- 

The cases li = 3, 4 can be seen as particular cases of the more general solution. 
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Observe that in higher dimensions when we expand the metric around FLRW backgrounds 
the propagator does not coincide with the one obtained in Einstein gravity (even if we use the 
same gauge- fixing) . Nevertheless, formula ()2.9p shows that the quadratic part of the expanded 
action Sqg does not contain higher derivatives. Indeed, it is just affected by terms ~ pv^ ^^id 
~ terms with fewer derivatives. 

Conformally fiat solutions in arbitrary dimensions 

More generally, if and are related by the metric-independent polynomial equation 

= t; - (2r;f; - s^f^ - -^t^t + ^^j^r^) . (3.7) 

where T = Tp and T2 = TpT§, then the conformally flat metrics that solve 

Rfiv — -^Rg^v — ^g^u = ^^"^ "^T^y (3.8) 

also solve the Sqc-field equations, and vice versa. The condition ()3.7p is obtained inserting ()3.8p 
into (j2.9p and ()2.8p . and using Cp^yp^ = 0. Expanding the metric tensor around a conformally 
flat solution the quadratic part of the action S'qq is free of higher derivatives. 



4 Approximate black-hole solutions 

From the observational point of view, deformed black-hole solutions can offer interesting possi- 
bilities to test modifications of general relativity. Deviations from the Kerr metric, in particular, 
are the easiest to detect [l^. Since black- hole solutions are not conformally flat, they are affected 
in a non-trivial way by the corrections to Einstein gravity contained in Sqq. In this section we 
study deformations of the metrics of Schwarzschild and Kerr types. 

We work in four dimensions and in the absence of matter, and keep only the Goroff-Sagnotti 
constant Agsj besides the Newton constant G = k? /Stt and the cosmological constant A. The 
action reads 

5QG = -5ia/v^(« + 2A + ^ft), (4.1) 

We begin looking for spherically symmetric solutions of the form 

ds^ = e^(^)+^('^)dt2 - e-^(^)dr2 - r'^{de'^ + sin^ Od^"^). (4.2) 
It is worth mentioning that metrics of this type satisfy the peculiar identity 

C^lpa = ~'^^^'^^"'p'' + -^{gfj.pgu(7 - gpagup), il^ = C2, (4.3) 
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where the sign of fl is determined to have 17 > for the Schwarzschild metric. This identity is 
useful to simphfy various expressions. Inserting the ansatz ()4.2p into the field equations p.Sp and 
using (j2.10p we find differential equations for u{r) and uj{r). The Acs-dependent contributions 
involve up to forth derivatives of these functions. Clearly, higher-derivatives do not appear at 
■'^GS = and, as explained in section 2, we must search for solutions that are analytic in Acs, at 
least away from singularities. Thus we can work iteratively in Aqsj which allows us to convert 
the higher-derivative terms into terms that have at most two derivatives. After this conversion 
we find two (involved) equations of the form 

I/' = Fi(i/,a;,r), uj' = F2{u,uj,r), (4.4) 

for certain functions Fi and F2 that are analytic in Aqs, and two other equations that are 
automatically satisfied when (j4.4p hold. We see that the solutions certainly exist and are uniquely 
determined by their limits Aqs — ^ 0. However, we do not have closed expressions for the functions 
Fi and F2, therefore both the search for exact solutions and the numerical analysis appear to be 
challenging tasks, also considering that the higher-derivative form of the equations does not make 
numerical integration easy. Here we content ourselves with the first perturbative corrections in 

Acs- 

Defining 

x(r) = r ^1 — e'^^''^ — — 



we find 

X' = -^X^(16X - 15r + 4Ar=^) + O(A^s), ^' = + O(A^s) 

To the lowest order of approximation, the solutions can be found replacing x with a constant on 
the right-hand sides of these equations. We obtain 

e^M = 1-'-^-^^ + f 1 - ^ - ^ArA + O(A^s), 

r 3 \ 9r 9 J ^ 

^W = -^^ + 0(Aijs)> (4.5) 
= 2Gm being the usual Schwarzschild radius. 

Using a computer program we worked out the metric up to the order Agg included. Higher- 
order corrections show that the solution has the form 

» 00 00 

- g-' = e^M = 1 - 7 - f + 7 E ^(^) = 7 E ^"^-1' (4-6) 

n=l 71=1 

where 

^ Acsrs 
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and Pn, Qn are polynomials of degree n in r^/r and Ar^. It is easy to verify that the expansion 
of gtt has the same form as the one of —g^r- Thus the approximation obtained expanding in 
powers of Aqs is valid for ^ ^ 1, with r^/r and Ar^ bounded. 

At A = the metric has an event horizon at a modified radius equal to 

1-^6 + 0(d)), (4.7) 

where = C{i"s)- The form (I4.6p of the solution shows that both gu and g~j^ vanish at r = fg- 

The informations we have gathered so far do not allow us to study the curvature singularity 
at r = 0. We just mention that once the action is written in the form Sqq it makes more sense 
to consider curvature scalars such as C2, Cs, etc., instead of the Kretschmann scalar R/MupaR^'^^'^ 
(which coincides with C2 for Ricci flat metrics) . Because of the identity (|4.3|) we have 



C2 = ^(l- 4e(r) (12 - 13^ ) ) + Oie). 



We find (at A = 0) 

C2 = - 

To this order C2 is equal to R^yp^R^^^" , because the difference is quadratic in R^y, therefore at 
least O(A^g). 

Now we switch to the modified Kerr metric. We study it at A = in two limiting situations. 
We first consider slowly rotating black holes. To the first order in a = J/m at A = 0, where J is 
the angular momentum, we find 

ds^ = e^('^)+-(^)cit2 - e-^('^)dr2 - r^{dd' + sin^ ddc/)^) + 2a^(l + ^^^9^] sin^ Odtdcj), 

r \ 3r° / 

plus O(AQg) and ©(a^), where u and a) are the same functions as before calculated at A = 0. 
The location of the event horizon is unmodified to this order of approximation. 

Moving one step forward, we study the large-distance expansion of the deformed Kerr metric. 
Precisely, we take r^, a ~ e and Aqs ~ e^, e <C 1 (i.e. we assume that the constants r^, a and Aqs 
are of orders equal to their dimensions in units of coordinates), and calculate the metric to the 
order . Doing so, we automatically exclude orders of Aqs higher than the first. Indeed, Aqs 
must always be multiplied by r^, because = gives fiat space. In Boyer-Lindquist coordinates 
we write 

ds^ = gttdt^ + grrdr"^ + geedO"^ + g^^dcj? + 2g 
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and obtain 



rr, 2AGs rg,, 2 o„„ r. 2 2/,^ 2 , 6a2r2 

p2 + 3p8 



9tt = ^-^ + i^P - '^rrs - 54a' cos' 9) , ggg = -p' + —jT^^gs sin 

.2 oA„„:v.2 



_^ + ^^^sr^ (9a2 + 9p2 + + 2 _ 297^2 ^^^2 m ^ (4^^ 
A 3p"A ' 

■ 2/)/^i , 4Ags?'s\ ■ 2/)/^ 2 , 2 , aVr^ . 2 

sm e ^ — I , g^^ = -sm 6 la + r + sm 1 



2 2,22/1 A 2 ,2 

p = r + a COS a, A = r — rr^ + a . 



where, as usual, 



Observe that the modified Kerr metric ()4.8p is more general than the deformed metrics con- 
sidered in ref. [T5], where deviations from Kerr are parametrized by one function h oi r and 9. 
Because of this, calculations are rather involved. Using a computer program, five independent 
functions of r and 9 have been used to work out the approximate solution given above. Note that 
at the end there is no deformation of g^i)^. 

We stress again that renormalization predicts Aqs 7^ 0, therefore the deviations worked out 
in this section can be viewed as predictions of quantum gravity. Their practical detectability 
depends on the actual value of the constant Aqs- Theoretically, we cannot predict the value of 
Ags, but only the AGs-i"unning, which gives us an estimate of the minimum value of |Ags|- Using 
the two-loop result of [3j we find 

AAgs(^,/) = AgsW - Ags(/) = 

where Ip = \fG is the Planck length and AGs(a^) is the running coupling at the scale x. If we 
take I equal to the diameter of the observable universe and equal to the Planck length itself, 
we obtain 

IAAgsI ~6/|,. 

If the value of |Ags| were around 6?p there would be no chance to detect the deviations we have 
worked out so far. We can only hope that |Ags| has a much larger value in nature. Light black 
holes are the ones that are affected more sensibly. Taking a mass equal to 5 solar masses, we 
need at least 

|Ags| ~ 10^^^/|> = lO^^(eV)-^ (4.9) 

to get ~ 1. In this case the deviations would be appreciable right outside the black hole. The 
Schwarschild radius (j4.7p would be modified in a sensible way and effects on the deflection of 
light, for example, could be detected. Depending on the precision of our instruments, smaller 
values of could suffice. In case no deviations are observed it is possible to put experimental 
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bounds on Aqs- Observe that as long as |Ags| is much larger than 6/p, for all practical purposes 
Ags does not run throughout the universe. 

So far we have studied static and stationary solutions, but if we are interested in metrics that 
depend on time, as well as the motion of light and particles in the metrics we have found, we 
must discuss the violations of causality induced by the presence of higher time derivatives. 

To understand the problem it is useful to briefly recall the case of the Abraham-Lorentz force 
|10] in classical electrodynamics, where the radiation emitted by an accelerated charged particle 
of mass m is described by one of the equations 



where r = 2e^/(3mc'^), a is the acceleration and F is an external force. The first equation is the 
standard, higher-derivative one. The second equation is obtained from the first one with the same 
procedure used to obtain (j4.4p . i.e. demanding analyticity in r. This requirement eliminates the 
runaway solution, but generates a violation of mzcrocausality. Indeed, to determine the motion 
at a given time t we must know the external force at future times t' such that t ^ t' < t + r. On 
the other hand, if F{t') ^ only for ^ t' ^ T all events appear to be causal at any time t > T. 

Let us now turn to the case of gravity. Even if the metric deviations predicted here were 
detected, they would not necessarily provide an indirect evidence that microcausality is violated. 
The reason is that the action Sqg is most probably the effective theory of a more complete, 
causal theory. It could be obtained, for example, integrating out some degrees of freedom. That 
said, to detect violations of microcausality we should catch acausal events in the act, compare a 
sufficient number of different situations, and prove that no causal equations can explain the data. 

Considering a fluctuation 5g around the metric given by (|4.2p and (|4.5p , higher-time derivative 
terms provided by 6tI£^ are mutiplied by the Weyl tensor C ~ r^/r^ or by VC ~ r^/r^: 



Comparing these terms with the ones contained in the Einstein field equations and assuming that 
the derivatives of 5g are time ones, for ^(r) < 1 causality violations last for a typical time equal 
to 



In the case of gravitational lensing by a light black hole, taking r around a few times and 
assuming ^(r) ~ 1 it is necessary to resolve time intervals of about 10~^ seconds. 




(4.10) 



T 



(r) = ry^^. 
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5 Perturbative equivalence of actions and solutions of the field 
equations 

Renormalization cannot determine the action unambiguously. It only determines the pertur- 
bative equivalence class to which the action belongs. We say that two actions 5i and S2 are 
perturbatively equivalent if 

i) they are perturbative expansions around the same unperturbed action S and 

ii) they can be mapped into each other by means of perturbative field redefinitions and param- 
eter redefinitions. 

A perturbative field redefinition is a field redefinition that can be expressed as a local pertur- 
bative series around the identity. Using an appropriate field-covariant formalism [16] perturbative 
field redefinitions can be implemented in functional integrals as true changes of integration vari- 
ables, instead of mere replacements of integrands. Generating functionals, suitably generalized 
[171[18], behave as scalars. 

The actions 5qg, •S'qg and 5ioc are perturbatively equivalent. They are mapped into one 
another by perturbative redefinitions of the metric tensor and redefinitions of the parameters A 
and where C denote the parameters of the matter action Sm- As a consequence, the solutions 
of their field equations can also be perturbatively mapped into one another. In this section we 
study the map in detail. 

We begin with the perturbative equivalence of 5qg and S'qq. There exists a redefinition of 
the metric tensor of the form 

g = g' + 0{ie), (5.1) 
where R denotes the tensor (j2.2p and its contractions, and parameter redefinitions A',C' such that 

5qg(9, V, A, A, C) = 5qg(9', V, A, A', C')- (5-2) 

We work inductively in the power of Weyl or hatted curvature tensors. Specifically, we 
assume 

5QG(5,y',A,A,C) = 5QG(<?',(/^,A,A',0 + ^n«+i, (5.3) 

where g and g' are related by a field redefinition of the form (|5.ip . n/j ^ 2 and ^^+1 is matter- 
independent and 0(i?"^+^). The identity (|5.3p is obviously satisfied for = 2. It is sufficient 
to show that formula ()5.3p with arbitrary nn ^ 2 implies a similar relation with n/j — )• n/? + 1. 

Consider the terms of ^^n^+i that have precisely + 1 hatted curvature tensors. Express 
Rfiupa in terms of the Weyl tensor, R^y and R. The terms containing only Weyl tensors can 
be mapped defining relations between the appropriate parameters A and A'. Once we have done 
this, we obtain 

5qg(<7, A, A, C) = 5qg(<7', if, A, A", C') + l^n^+i, 
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where ^n^+i = 0(i2"^"^^) is still matter-independent, but now it is also proportional to R^i^ or 
R. We can write 

Using (|2.8p and (|2.9p . adapted to Sqq, the variation -Eqq of S'qg with respect to the metric 
tensor can be written in the form 

^QG = - \9^''R + + 
where is the analogous variation of 5^, therefore 

Ym^fiji denoting 0(i?"^)-terms proportional to the matter fields (/?. At this point, we have 

5qg(<?,(^,a,a,c) = 5qg(9',v',a,a",o + / ^QGx4^ + i;;,^^ + o(i?"«+'), 

where -Eqg! ^'nn ^^"^ ^m,nfl -^QG) ATfi^ and Ym,nji once the metric tensor g is expressed in 
terms of g' . Consider the redefinition 

g" = g' + xL^ 

of the metric tensor. We have 

5qg(5, 9^, A, A, C) = Sqg(/, ^, A, A", CO + + 0(i?"«+2)^ 

where we have used rlij ^ 2. Finally, the terms Ym.nB. can be reabsorbed redefining the parameters 
C'. Therefore there exist C" such that 



5qg(<7, 9=, A, A, C) = 5qg(/, A, A", C") + 0(i?''«+'). 

This relation promotes the inductive hypothesis (|5.3p from rlij to n/j + 1, which proves the 
theorem. 

The same procedure can be used to modify the O(i?^)-sector of the action 5qg adding any 
0(-R^)-terms proportional to the hatted Ricci tensor. 

Now we show the perturbative equivalence of 5qg and 5ioc- These actions differ by terms 
quadratically proportional to the hatted Ricci tensor and 0(/?^)-terms proportional to the hatted 
Ricci tensor. To quickly prove their equivalence we use a theorem derived in ref. [13], stating that 
any terms quadratically proportional to the field equations can be reabsorbed into a perturbative 
field redefinition. In particular, there exists a field redefinition 

~g = g-r 0{R^u) (5.4) 
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such that 

"2^ / + + ^ / ^9R,.Q'"'"'Rp. = I y/^9{R{g) + 2A) , 

where Q is any perturbatively local derivative operator. Using this map and the properties of 
J yJ—gG, in particular its variation with respect to the metric, encoded in (|2.9p . we can convert 
5*100 into an action S'qg with unrestricted scalars Jn^^ . Then using the map (jS.ip and parameter- 
redefinitions we can convert the action to iSqg- 

Finally, recall that when maps such as (jS.ip and (j5.4p lower the number of time derivatives, 
they also generate violations of microcausality \\.'6\ [TU] , to which the argument of the previous 
section apply. 

6 Conclusions 

The action of quantum gravity is determined by renormalization. It can be simplified dropping 
terms proportional to the hatted Ricci tensor, because those terms can be reabsorbed into per- 
turbative field redefinitions and parameter redefinitions. Doing so, we can arrange the action in 
different perturbatively equivalent ways, which may help us uncover different properties, identify 
different classes of exact solutions, or reduce the effort to study approximate solutions. We sin- 
gled out a convenient form 5qg that allows us, to some extent, to have control on the infinitely 
many couplings of the theory. Among the other things, we can show that some well known met- 
rics, such as the FLRW metrics, are exact solutions of the field equations or can be mapped into 
exact solutions. Precisely, in four dimensions the solutions coincide with the usual ones, while in 
dimensions greater than four they coincide with the usual ones once the density and the pressure 
are mapped into simple functions of themselves. More generally, all conformally flat solutions of 
Einstein gravity can be mapped in a metric-independent way into conformally flat solutions of 
S'qg, and vice versa. The quadratic terms of the action, generated expanding the metric around 
these solutions, are free of higher derivatives. Solutions that are not conformally flat are instead 
modified in a nontrivial way. We have studied the first corrections to the metrics of Schwarzschild 
and Kerr types, expanding in powers of the Goroff-Sagnotti constant. 

Vertices can contain arbitrarily high derivatives of the metric tensor. The solutions of the 
field equations can be uniquely determined requiring that they are analytic in the couplings 
away from singularities. These features and the presence of infinitely many independent couplings 
point towards a missing, more fundamental theory. 
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A Appendix: Equivalent truncations of the action 

Since the number of parameters is infinite, it is useful to define appropriate truncations to classify 
the invariants and expand perturbatively, consistently with the diagrammatic expansion. 
We study Feynman diagrams expanding the metric as 

where the background g^i, is a conformally fiat solution of the field equations, in the case of Sqg, 
or a space of constant curvature, in the cases of Sqg and Sioc- Invariance of the functional integral 
under translations ensures that the results we obtain do not depend on the choice of background 
g^iy. The graviton propagator is determined by the Hilbert term and the cosmological term. It 
depends on g^i, and A, but not on k and the A„s. The propagators of matter fields can of course 
depend on masses m. Let E denote the overall energy scale of correlation functions. We assume 
kE, Km, k\A\^^'^ <^ 1, and that the values of A„ are bounded from above (namely there exists a 
constant M such that |A„| < M for every n). We do not assume particular inequalities among 
E, m and A, in the same way as we normally do not expand Feynman diagrams in powers of m 
or 1/m. Thus for our purposes E, m and A can be assumed to be of the same order. Vertices are 
multiplied by powers of k, A and A„. Apart from this kind of factors, Feynman diagrams give 
integrals that depend only on ^^i^, m and A. Therefore, by the Wick theorem and power-counting 
we can write h^iy ~ E (or h^iy ~ |A|-^/^,m). 

The diagrammatic expansion is an expansion in powers of kE, k|A|^/^ and Km. A truncation 
of this expansion amounts to discard powers of these quantities larger than some T. Precisely, 
we classify the contributions as 

K-'^{K'^Ay{KVf{K^'^-'^y^hy, (A.2) 

where V denotes the covariant derivative in the background g^,^, and pairs of Vs can also stand 
for curvature tensors R. The number c is the number of external legs of the diagram (or vertex, 
at the tree level), while b is the power of (external) momenta and a is the power of A. Higher 
powers of k^A can be generated by radiative corrections and renormalize the parameters A„. The 
truncation to order T is obtained discarding the contributions that have 

d-2 

2a + 6+^— OT. (A.3) 

This kind of truncation preserves general covariance only within the truncation, namely up to 
powers r' > T of kE, k|A| V2 and Km. Clearly, the Feynman diagrams that contribute within the 
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truncation are constructed with a finite number of vertices. Moreover, they are themselves finitely 
many, since every loop raises the power of k. We call this truncation diagrammatic truncation. 

There is actually an alternative truncation [1], which simply amounts to truncate the sums 
appearing in (jl.ip . ()2.ip and (j2.3p to finite numbers of terms. Its advantage is that it is manifestly 
general covariant, although its connection with Feynman diagrams is less apparent. Precisely, we 
discard, according to the case (/Sqg or Sqc-Sioc), the terms 

-At-'^(K2A)"A(^V)"^(K2-pFr«, or ^ k-\k^AY''{kVY^{k^RT^, (A.4) 

with 

2nA + nv + 2nR > N, (A.5) 
for some A^. Expanding the structures ()A.4p according to (jA.ip we get terms ()A.2p with 

a = TT-A, 6 = nv + 2n/j, c = n/j + g, 

where (7 ^ is integer. We can choose a basis such that each invariant J y/—g'Jn^ J \/—g^l^^ and 
J ^/—g'J^^ is uniquely determined by its q = 0-contribution. The other contributions are then 
fixed by general covariance. 

The two truncations are actually equivalent, in the sense that a diagrammatic truncation 
covers a certain general covariant truncation, and vice versa. Let us describe how to switch 
back and forth between the two. Since (jA.Sp implies ()A.3p with T = N, the general covariant 
truncation to order N covers the diagrammatic truncation to order A^. To study the converse 
implication, we recall that, by general covariance, it is enough to determine the q = 0-contribution 
to an invariant to determine the full invariant. Consider the terms (jA.2p and analyze them for 
increasing number of external legs c. Doing so, q = 0-contributions coming from new invariants 
can be disentangled from q > 0-contributions coming from invariants determined for smaller 
values of c. This procedure allows us to determine the structures ()A.4p with 

TT-A = a, ny = b — 2c, hr = c. 

Because of ()A.3p . the terms we cannot determine satisfy 

4 / d + 2 \ 4:T , 
2nA + nv + 2nji > I 2nA + ny H ^'^R j > ^^■^) 

We conclude that the diagrammatic truncation to order T covers the general covariant truncation 
to order 

N 



d + 2 
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